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CHARLES FAVRE AND MATTIAS JONSSON 

Abstract. We present a new approach to the study of multipher ideals in a lo- 
cal, two-dimensional setting. Our method allows us to deal with ideals, graded 
systems of ideals and plurisubharmonic functions in a unified way. Among the 
applications are a formula for the complex integrability exponent of a plurisub- 
harmonic function in terms of Kiselman numbers, and a proof of the openness 
conjecture by Demailly and KoUar. Our technique also yields new proofs of 
two recent results: one on the structure of the set of complex singularity ex- 
ponents for holomorphic functions; the other by Lipman and Watanabe on the 
realization of ideals as multiplier ideals. 
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Introduction 

This article is the third of a series of work on a new approach to the study of 
singularities of various objects in a local, two-dimensional setting. Our focus in 
the present paper is on multiplier ideals and singularity exponents. 

In the discussion below, we fix an equicharacteristic zero, two-dimensional regu- 
lar local ring (R, m) with algebraically closed residue field. An important example 
is the ring R = Oq oi holomorphic germs at the origin in C^. 
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2 CHARLES FAVRE AND MATTIAS JONSSON 

In jF.Tlj . we introduced the space V consisting of all R+ U {+oo}-valued valua- 
tions on R centered at m, and normalized by i^(m) = 1. This space is naturally a 
tree: it is a union of (uncountably many) real segments patched together in such 
a way that V remains homotopic to a point. It is also an R-tree in the classical 
sense for a natural metric. We hence call V the valuative tree. It encodes in a 
natural way all possible blowups of R centered at m, and therefore gives a way 
of measuring quite precisely singularities of different kinds of objects. The points 
in V that are not ends form the subtree Vqm of quasimonomial valuations. These 
valuations, which can alternatively be characterized as Abhyankar valuations of 
rank 1 or as pushforwards of monomial valuations under birational morphisms, 
play a central role in our approach. 

We used the valuative tree to study singularities of ideals / C -R in |FJlj . 
and of plurisubharmonic (psh) functions u in |FJ2j (in which case R = Oq). We 
showed that I and u both give rise to functions gj and Qu on Vqmj called the tree 
transforms of / and u. These are defined as follows. For an ideal / and i^ € Vqm, 
we set giii') := i^{I) = min{z>(^) ; (p € R}. For a psh function, the definition 
of guii^) = ^(u) is more involved but can be interpreted either as a generalized 
Lelong number in the sense of Demailly or as the pushforward of a Kiselman 
number under a birational morphism. 

It turns out that the tree transforms gj and g^ enjoy strong concavity properties. 
We denote by V the closure of the cone generated by the functions on Vqm of the 
form cgi over all c > and all ideals / (or equivalently by all g^s for psh functions 
u). An element in 5 € 7^ is called a tree potential. Tree potentials can also be 
identified with positive measures on V. In the case of an ideal, the measure is 
atomic and its decomposition into atoms is equivalent to Zariski's factorization 
of integrally closed ideals. In the case of a psh function, the measure determines 
the most important features of the singularity at the origin — a somewhat vague 
assertion that the paper at hand serves to substantiate. A general tree potential 
may be loosely viewed as a formal analogue of a psh function. 

Multiplier ideals have emerged in recent years as a fundamental tool in algebraic 
and analytic geometry. We refer to the book |Laj for a detailed account on this 
subject, on its range of applications, and for precise references. See also ^ for 
a more analytic point of view. Here we contend ourselves with recalling a few 
definitions adapted to our setting. 

Fix a psh function u defined near the origin in C^. The multiplier ideal J^{u) is 
the set of holomorphic germs (j) ^ Oq such that |(/)p exp(— 2u) is locally integrable. 
As u may take the value —00, J{u) is in general strictly included in Oq. To 
worse behavior of u at 0, i.e. for u decreasing faster to —00, corresponds deeper 
ideals J{u). The multiplier ideal hence measures, in some sense, the degree of 
singularity of u. 

To an ideal I C R (or more generally a formal power I'^, c > 0) we can 
also associate a multiplier ideal J {I). One way to do this uses resolution of 
singularities, whereas Lipman [Lij gives a more intrinsic definition. It is also 
possible to associate an asymptotic multiplier ideal to a graded system of ideals, 
i.e. a sequence (/fc)fcLi of ideals in R such that Ikh C Ik+i- 
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Our first objective is to show that all these multiplier ideals can be analyzed in a 
unified way using tree potentials. More precisely, to any tree potential g on Vqm we 
associate a multiplier ideal J{g) C Ras follows: an element ^ € R belongs to J{g) 
iff the function x-tp^gi^) = 5(^)/('^(V') + ^(^)) oii "l^qm is uniformly bounded by a 
constant < 1. Here ^ is a function on Vqm called thinness. It contains information 
on the relative canonical divisor of suitable birational models of Spec R, as in the 
classical algebraic definition of multiplier ideals (see Section fl.2.91 for details). 

We then show that the multiplier ideal of an ideal, a psh function, or a graded 
system of ideals, coincides with that of the corresponding tree transform. Let us 
be more precise. If / is an ideal and c > 0, then we show that the multiplier ideal 
of /'^ coincides with that of the tree potential cgi. Our proof essentially consists of 
translating classical conditions for defining multiplier ideals into our language. In 
the case of a graded system of ideals, the condition I^Ii C Ik+i implies a statement 
Qk+i ^ gk~\~ 91 on the level of tree potentials {g^ is the tree potential of Ik). As we 
show, the sequence k~^gk converges to a tree potential g whose multiplier ideal 
coincides with that of the graded system. 

Similarly, we prove that if u is psh, then the multiplier ideals J[gu) and J{u) 
coincide. The proof is now more involved. We first use Demailly's approximation 
technique to reduce to the case of a psh function with logarithmic singularities. 
The latter case is then reduced to the statement J{I^) = J{cgi), proved earlier, 
for a suitable chosen ideal / and c > 0. Many of the arguments involved in the 
reductions draw from |DKj . but our proof also depends heavily on the fact that 
the tree transform u >-^ gu behaves well under Demailly approximation. 

Apart from providing a unifying framework, tree potentials can be used as a 
powerful tool for studying many questions regarding multiplier ideals. As support 
to this claim, we give three applications of our approach. 

The first two concern singularity exponents. To a general tree potential g is 
associated a number c{g), called the singularity exponent or log-canonical threshold 
of g. It is defined by c{g) = sup{c > ; J {eg) = R}. li g = gu is the tree 
transform of a psh function u, then the singularity exponent is given by c{u) = 
sup{c > ; exp(— 2cu) € Lj^^} and is a number measuring the "strength" of the 
singularity of u at the origin. Various bounds were known for c{u) in terms of the 
Lelong number |Sj and Kiselman numbers |Ki2j of u. We sharpen these bounds, 
and show that c{u) can be in fact computed explicitly in terms of all Kiselman 
numbers of u. We also prove that for c = c(m), the function exp(— 2cm) is never 
integrable. This provides an affirmative answer to the openness conjecture (in 
dimension 2) by Demailly and Kollar (see |DK| Remark 5.3]). In fact, we establish 
the more precise estimate Vol{n < logr} > 7-2c(n) g^^ ^ _^ q^ g^j^^ ^g improve a 
recent result by Blel and Mimouni jBM| IMij by proving that if u has Lelong 
number one, then exp(— 2u) fails to be locally integrable at the origin iff dd^u is 
the sum of the current of integration on a smooth curve and a current with zero 
Lelong number. 

We then consider the set of complex singularity exponents c = {c(log |^|)} 
when ijj ranges over all holomorphic functions. Shokurov [^ used Mori's min- 
imal program to show that c satisfies the so-called ascending chain condition: 
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any increasing sequence in c is eventually stationary. Kuwata |Kuj subsequently 
improved this result by characterizing explicitly all real numbers lying in c. In 
2000, Phong-Sturm in |PSj gave a completely analytic proof of this result. We 
present an algebraic proof in Sectional independent of both approaches above. It 
is conjectured (see |DK| Remark 3.5]) that the ascending chain condition applies 
to set of complex singularity exponents in any dimension (see |MPj for the most 
recent result in this direction). We hope that our result might lead to further 
developments in higher dimension. 

As a third application, we prove that any integrally closed ideal in R is the 
multiplier ideal of some formal power of an ideal. This result was recently proved, 
independently, by Lipman and Watanabe |LWj . 

Finally we prove quite generally that a tree potential is completely characterized 
by the collection of multiplier ideals {J^{tg)}t>o. As a consequence, two psh 
functions u and v have identical multiplier ideals J{tu) = J{tv) for all t > 
iff they are equisingular by which we mean that they have the same transforms 
9u = dv Equisingularity may be geometrically interpreted as follows: for any 
composition vr of blowups, the Lelong numbers of the pullbacks 7r*u and 'ir*v are 
the same at any point on the exceptional divisor 7r~^(0), see |FJ2l Proposition 6.2]. 

Since the results on singularity exponents for psh functions are arguably the 
most striking ones in the paper, we wish to briefly explain our approach, not 
using the language of valuations. Fix a psh function u and assume, for simplicity, 
that dd'^u does not charge any curve. To any irreducible (possibly singular) curve 
D at the origin and any real number t > 1 we associate a family of punctured, 
conical neighborhood A{r) of diameter r. Here t determines the "thinness" of the 
region. See Figure El on p IlOL We have Vol^(r) ~ r for some A > 0, and in 
A{r) we have u < i'{u)logr + 0(1), for some (maximal) real number i^(u) > 0. 
If exp(— 2cu) is locally integrable at the origin, it is integrable in A{r), which 
easily implies cv{u) < A. The crucial fact is the existence of an optimal region 
A{r) detecting integr ability: for this region we have c{u)u{u) = A, which yields 
nonintegrability of exp(— 2c(u)u), i.e. the openness conjecture. Moreover, the 
curve D associated to this region is smooth, and then i^(u) is a Kiselman number 
of u. It is to establish the existence and main properties of the optimal region A 
that we bring valuations into the picture. In particular, the concavity properties 
of the tree transform of u play a key role. 

Most results presented here are probably not particular to dimension 2. The 
main difficulty in extending our approach to higher dimensions lies in understand- 
ing the analogue of the valuative tree. We hope to tackle this problem in future 
research. 

The present article relies in an essential way on the analysis and formalism in 
our previous work: we recall in Section ^ the main results of |F.Tlj . |F.T2j that 
will be used. The rest of the paper is then organized as follows: in Section [21 we 
give the definition and main properties of multiplier ideals of tree potentials. As 
we show in Sections 01 and 01 this notion naturally generalizes multiplier ideals of 
formal powers of ideals, graded system of ideals, and psh functions. Sections El 
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and m contain the applications mentioned above. We study equisingularity in 
Section |H1 and end the paper with an appendix containing two proofs. 

1. Background 

In this section we give a brief review of the valuative tree and its appUcations 
to the study of ideals and plurisubharmonic (psh) functions. For details, we refer 
to ETT] for Sections O to O and to |FJ2| for Section O 



1.1. Conventions. In general, (-R, m) denotes an equicharacteristic zero, two- 
dimensional regular local ring with algebraically closed residue field k. We will 
refer to this as the general case. 

Whenever we talk about psh functions, we will always be in the analytic case, 
meaning that R = Oq is the ring of holomorphic germs at the origin in C^. Then 
k = C and m is the maximal ideal of germs vanishing at the origin. 

In general we write {R, xh) for the completion of R. It is the ring of formal 
power series in two variables with coefficients in k. 

1.2. The valuative tree. Our starting point is the approach to valuations worked 
out in IfTD. 



1.2.1. Valuations. ( |FJH Section 1.2].) We consider the space V of centered, nor- 
malized valuations on R, i.e. the set of functions v : R ^ [0, oo] satisfying: 

(i) u{ipip') = i^itp) + lyiijj') for all tp,ip'; 
(ii) u{ip + -(/;') > min{i^('0), i'('0')} for all -0, ip'; 
(iii) 1/(0) = cxD, i^lc* = 0, iy{m) := min{z/(-(/') ; 4^ G xn} = I. 
Then V is equipped with a natural partial ordering: i/ < /i iff i/(V') < fJ-i"^) for all 
■0 G m. The multiplicity valuation Um defined by i^mCV') = 'ti(V') = rnaxj/c ; ijj G 
m } is the unique minimal element of V. (See |FJH Section 1.5.1].) 

Any valuation on R extends uniquely to a valuation in its completion R, hence 
the valuation spaces attached to R and R are isomorphic. (See [Sp| Theorem 3.1].) 

1.2.2. Curve valuations, f jFJll Section 1.5.5].) Some natural maximal elements 
are the curve valuations defined as follows. To each irreducible (possibly formal) 
curve C we associate i^c G V defined by I'd'tp) = C ■ {^p = 0}/m{C), where "•" 
denotes intersection multiplicity and m multiplicity. If C is defined by G m, 
then we also write uc = v^. Note that ^^{(j)) = oo. 

The set C of local irreducible curves carries a natural (ultra)metric in which 



C has diameter 1. It is given by dc{C,D) = m{C)m{D)/C ■ D. (See [FJll 
Lemma 3.56].) 

1.2.3. Quasimonomial valuations. QFJll Section 1.5.4].) Arguably the most im- 
portant valuations in V are the quasimonomial ones. They are of the form iyc,t, 
where C gC and t £ [l,oo), and satisfy vcti^P) = m.m{i'D{'ip) ; dc{C,D) < t~^}. 
We have uc,s = i^D,t iS s = t > dc{C,D)-\ (See jEITl Proposition 3.55].) 

A quasimonomial valuation can be made monomial (i.e. completely determined by its values 
on a pair of local coordinates {xji/)) by a birational morphism. Quasimonomial valuations are 
also known as Abhyankar valuations of rank 1, see |ELS| . 
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Figure 1. The valuative tree. The segments consist of valuations 
of the form i/^^j, where (j) = x,y^ — x^,...,y and the skewness 
parameter t ranges from 1 to oo. Skewness t = 1 gives the multi- 
phcity valuation v^n and skewness t = oo the curve valuation u^. 
The integer label above a segment indicates multiplicity (Sec- 
tion [TSSl). 

Thus Vqmi the set of all quasimonomial valuations, is a naturally a quotient of 
C X [l,oo), and has a natural tree structure: if i^,!^' G Vqm and i^ < u' , then the 
segment [v, v'] = {^ € Vqm ; z^ < /^ < v'} is isomorphic to a compact real interval. 
See |FJn Theorem 3.57] and Figured We set v^^t ■= i^c,t when C = {cp = 0}. 

Quasimonomial valuations are of two types: divisorial and irrational, depending 
on whether the parameter t is rational or irrational.'^ We write Vdiv for the set of 
divisorial valuations. 

The full space V is the completion of Vqm in the sense that every element in 
V is the limit of an increasing sequence in Vqm- It is hence also naturally a tree, 
called the valuative tree. The ends of V are exactly the elements of V \ Vqm and 
are either curve valuations or infinitely singular valuations. 



1.2.4. Skewness and intersection multiplicity. ( |F.TH Section 3.3].) An important 
invariant of a valuation is its skewness a defined by a{i') = sup{u{(f))/m((p) ; (/> G 
m}. Skewness naturally parameterizes the trees Vqm and V in the sense that 
tt : Vqm -^ [l;Oo) is strictly increasing and restricts to a bijection onto its im- 
age on any segment; indeed a{i'^^t) = t for any v^^t € Vqm- Thus divisorial 
(irrational) valuations have rational (irrational) skewness. Curve valuations have 



A quasimonomial valuation v is irrational iff i^{R) <f. Q, hence the name. 
The latter are represented by infinite Puiseux series whose exponents are rational numbers 
with unbounded denominators. 
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infinite skewness whereas the skewness of an infinitely singular valuations may or 
may not be finite. 

The tree structure on V implies that any collection {i'i)i^i of valuations in V 
admits an infimum Aii'i, see |F.TH Corollary 3.15]. Together with skewness, this 
allows us to define an intersection product on V: we set j^ • ^ := a{i' A /x) G [1, oo]. 
This is a normalized extension of the intersection product on C as C • -D = {I'c ■ 
i'D)fn{C)m{D). If z/ G V and (/> G m is irreducible, then z^((/)) = m{(f)) {u ■ u^). 
Moreover, if i^(</>) is irrational, then v = v^^t with t = iy((j))/m{(p). 

1.2.5. Tangent space and weak topology. ( |FJll Section 3.1-3.2].) Let /i be a val- 
uation in V. Declare 1^,1^' G V \ {/i} to be equivalent if the segments ]/x, v] and 
]/x, z^'] intersect. An equivalence class is called a tangent vector at /i and the set of 
tangent vectors at /x, the tangent space, denoted by Tfi. If i7 is a tangent vector, 
we denote by U{v) the set of points in V defining the equivalence class v. The 
points in U{v) are said to represent v. 

A point n in the tree V is an end, a regular point, or a branch point when Tfi 
contains one, two, or three or more points, respectively. In terms of valuations: 
the ends of V are curve and infinitely singular valuations; the regular points irra- 
tional valuations; and the branch points divisorial valuations, at which the tangent 
space is in bijection with the complex projective line P^ and hence uncountable. 
See (Fill Theorem 3.20]. 

We endow V with the weak topology, generated by the sets U{v) over all tangent 
vectors v; this turns V into a compact (Hausdorff) space. If I'k -^ '^, then z/fc A/x — > 
f fc A /i for all yU € V. The weak topology on V is characterized by t'fc ^ i^ iff 
i/fc((/)) -^ v{(j)) for all (p e R, see |F,T1| Theorem 5.1]. 

1.2.6. Multiplicities. ( |FJ1[ Section 3.4].) By setting m{v) = min{rn-(C) ; C G 
C, vc ^ ^} we extend the notion of multiplicity from C to Vqm- Clearly m : 
Vqm ^ N is increasing and hence extends to all of V. In fact m{v) divides m{iji) 
whenever v < fi. The infinitely singular valuations are characterized as having 
infinite multiplicity. 

As m is increasing and integer valued, it is piecewise constant on any segment 
[uxa, i^tf)], where (j) ^C. This implies that m{v) is naturally defined for any tangent 
vector V. If u is nondivisorial, then m{v) = m[u) for any v G Tv. 

If V is divisorial, then the situation is more complicated. Suffice it to say that 
there exists an integer h{v), divisible by m{v), such that m{v) = h{u) for all but 
at most two tangent vectors v at v. We call h{y) the generic multiplicity of u. 

1.2.7. Approximating sequences. QFJll Section 3.5].) Consider a quasimonomial 
valuation u G Vqm- The multiplicity m is integer- valued and piecewise constant 
on the segment [vm-, i']-, hence has a finite number g (possibly zero) of jumps. Thus 
there are divisorial valuations lyi, < i < g and integers nii, such that 

l^m = T^O<I^l < ■■■ <T^g < T^g+1 = T^ (1-1) 

and mi^ii) = ttij for /x G]^'i,fj4.i], < i < 5. We call the sequence {yi)\^x '^^^ 
approximating sequence associated to v. It plays a prominent role in |Sp| . 
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The concept of approximating sequences extends naturally to valuations that 
are not quasimononiial: for curve valuations the sequences are still finite, for 
infinitely singular valuations they are infinite. 

1.2.8. Thinness. ( |F,TH Section 3.6].) Skewness a is a parameterization of V that 
does not "see" multiplicities. Another parameterization, of crucial importance, is 
thinness A, defined as follows. If z^ G Vqm then 



A{u)=2+ m{fi)da{n). (1.2) 

Jiym 



In terms of (jl.lj) we have A{i/) = 2 + ^q 7nj(aj+i — ctj) with ctj = a(fi). Note that 
^(^) < 1 + m{i')a{i') . Just like skewness, we may define A{i') also for ly ^ Vqm- 

The inequality A{i') > 1 + a(z^) always holds, with equality iff m(i/) = 1. 
Moreover, A{l') < m{i')a{i') as soon as m{i') > 1, and A^v) — m{i')a{i') — > — oo 
as v increases towards an infinitely singular valuation. 

1.2.9. Geometric interpretation of divisorial valuations. (^^ |FJll Chapter 6].) Ev- 
ery divisorial valuation z^ arises as follows: there exists a finite composition of 
point blowups ir : X ^ SpecR (i.e. vr : X — > (C^,0) in the analytic case) and 
an exceptional component E (i.e. an irreducible component of 7r^^(0)) such that 
v = 6~^7r^, div^;, where b = h{v) is the generic multiplicity at v and div^; denotes 
the order of vanishing along E. The generic multiplicity of v is then equal to the 
multiplicity of any curvette of v, i.e. the image by vr of any smooth curve intersect- 
ing E transversely at a smooth point. In fact, every generic tangent vector at v is 
represented by the curve valuation associated to a curvette jFJll Section 6.6.1]. 
We also have A[u) = a/5, where a — 1 is equal to the order of vanishing along E 
of the Jacobian determinant of vr jF.IH Theorem 6.22]. 

1.2.10. Borel measures and tree potentials. f |FJll Chapter 7] or |FJ21 Section 5].) 
Let M. be the space of (weak, regular) positive Borel measures on V,^ endowed 
with the topology of vague convergence. We will identify v ^ V with its Dirac 
mass 5i, ^ M, thus viewing V as a (compact) subset of M.. 

Any p G A1 determines a real- valued function Qp on Vqm defined by gp{v) = 
Jy fi ■ vdp{^). A function of the form Qp is called a tree potential. The space V 
of tree potentials is a closed convex cone in V™ (under pointwise convergence) 
and the map p i-^ ^p is a homeomorphism of AA onto V whose inverse naturally 
defines a Laplace operator IS. : V ^f AA..^ The mass of /S.g is g{i'm). See |FJ11 
Theorem 7.64]. 

If g (z V, then g is increasing and concave on any segment [um, ^o] (parame- 
terized by skewness) in V. If i^ (z]i^m, '^o[, then the left derivative of g at v with 
respect to skewness is equal to p{p > ly}, whereas the right derivative is given 
by p{U{v)), where p = Ag and v denotes the tangent vector at v represented by 
fQ. We always have p{p > i'}a{i') < g{v) < g(f„^)a(z^) with equality (in either 
inequality) iff p = /S.g is supported on {^> v}. 



hn |FJT1 . M is denoted by X + . 
In |FJ1| . V is denoted by P"*", and tree potentials are called positive tree potentials. 
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A subtree of V is a subset T such that u ^ T and ji < u iniphes /i G T. A 
subtree is finite if it has finitely many ends. If g £ V and T is a subtree of V, 
then gq- denotes the infimum of ah tree potentials coinciding with g on T. 

The support oi g € V is the smallest subtree T for which g = gq-. Alternatively, 
it is the smallest subtree containing supp Ag. The support of any tree potential 
is included in the closure of a countable union of finite trees. 

1.3. Ideals. ( |F,TH Section 8.1].) An ideal I in R \s primary if m" C / for some 
n > 0. The integral closure of / is the ideal I oi 4> (z R such that 0" + ai(/>""^ + 
• • • + a„ = for some n > 1 and ai & P. If I = I, then I is integrally closed. 

Any ideal I in R has an associated tree transform gj, defined by (?/(i^) = v{I) = 
min{h'[(j)) ; (p S R}. This function gi belongs to "P, and thus defines a tree measure 
Pi = Agj £ M. The latter measure has mass m{I) := z^nt(-^)- 

If I = (j)R is principal, then we write g^f, = gj and p^f, = pr- the latter measure is 
given by p^ = Yli nimih'i, where </> = H '^^^ ^^ ^^^ factorization of 4> into irreducible 
factors, rui = m((pi) and Ui the curve valuation associated to (pi. 

If / is primary, then p/ = ^iUibiVi, where nj G N and Vi are divisorial valua- 
tions with generic multiplicity 6j. The valuations Vi are exactly the Rees valuations 
oil. 

A general ideal / is the product of a principal ideal and a primary ideal, hence 
has a tree measure of the form pj = ^^ riibiVi + ^^ niruiUi. 

To any measure p is associated an ideal Ip = {(p £ R ; g^ > gp}. When p 
is of the previous form, then pi^ = p, whereas Ipj is the integral closure of /. 
The decomposition of pj above gives an interpretation of Zariski's factorization 
theorem: if / is integrally closed, then / = Hi-^"*- ^^ furthermore / is primary, 
i.e. all the i^i are divisorial, then I = C\^{(f) G R ; g(j,{i^i) > gp{i^i)}. 

In general, the mass of pi on a curve valuation u^ is the product of m{(p) and 
div^(/) := maxj/c ; (p \tp for all tp G /}. 

1.4. Psh functions. All plurisubharmonic (psh) functions are defined near the 
origin in C^. A psh function u is said to have logarithmic singularities if there 
exist c > and holomorphic functions <pi (z R such that tt = § log^" |(^jp + 0(l). 

1.4.1. belong and Kiselman numbers. For a fixed choice of coordinates (x, y), and 
weights a, 6 > the Kiselman number |Kil[ IKi2j of u is defined to be 

K'fAu) = lim :; supjti ; |x| < r '", \y\ < r ' |. 

"'° r-*o log r 

We have i^xaXbi^) ~ ^^It^'^) ^"-"^ ^^^ A > 0. When o = 6 = 1, the Kiselman 
number reduces to the Lelong number v {u). The latter does not depend on the 
choice of {x,y). 

1.4.2. Evaluating valuations on psh functions. ( |F.T2| Section 3].) One can evalu- 
ate a quasimonomial valuation on a psh function as the normalized pushforward 
of a Kiselman number under a birational morphism. Concretely, this goes as fol- 
lows. If 1/ G Vqm is quasimonomial, write i' = U(f,,t for (p £ m irreducible with 
m{(p) = m{v) =: m. Pick a coordinate x transverse to (p, i.e. x G m is irreducible. 
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z=0 
0=0 



(x, y) ^ (z, id) 



A4,.t,:o,G{r) 




(i,'=0 



Figure 2. Characteristic regions, see Section 11.4.21 To the left 
is a characteristic region A around a singular curve {</> = 0}. If 
IT : X —> (C^,0) desingularizes this curve, the preimage of ^ is a 
characteristic region around a smooth curve. 



m{x) = 1 and i/^: A z^^ = z 
the region 

A{r) = A^^t,x,c{r) ■■= {\x\ < r ; Cij^l"* < 

for small r. See Figure l2j We have \o\A{r) ~ r^ , where A 
thinness of v. The value of z^ on a psh function u is then given by 

1 



Also pick constants < Ci < C2 < oo and consider 

< C2\xr'} 



A{u) is the 



y{u) = lim 



olo; 



— sup U] 

''f A{r) 



this does not depend on the choices of 0, x or C. We always have the upper bound 
u{q) < z^(u)log||q'|| + 0(1) in A{r). If u = f logXli l<^iP +0(1) has logarithmic 
singularities, then i^{u) = cminjZ^(0j) = ci'{I), where / is the ideal generated by 
the (/)j's. In this case we also have the lower bound u{q) > v{u) log \\q\\ + 0(1) for 
suitable choices of Oi and C2- See |F,T2| Proposition 4.3]. 



If z^ G Vqm is monomial, i.e. of multiplicity one, then there exist local coordinates 
(x, y) such that v = Vy^t, where t = a{v) > 1. In this case iy{u) equals the Kiselman 
number ^^'^{u). In particular z^m(^) is the Lelong number of u. 

1.4.3. Geometric interpretation. The value of divisorial valuations on psh func- 
tions can be interpreted along the lines of Section 11.2.91 Using the notation of 
that section, h{v)v{u) is the Lelong number of the pullback ■k*u at a generic point 
p € E |FJ21 Proposition 4.1]. Moreover, if p G S is a smooth point on 7r~^(0), 
then the Lelong number of the strict transform of u under tt at p is bounded from 
above by h{v)~^ pu{U {v)) FJ2j, Lemma 7.6]. Here pu is the tree measure of u (see 
below) and v = Vp is the tangent vector at u associated to p, i.e. v is represented 
by any curve valuation vq, such that the strict transform of C is smooth and 
intersects E transversely at p. 

1.4.4. Demailly approximation. Demailly devised a method, crucially important 
to our analysis, of approximating a general psh function u with a sequence u„ of 
psh functions with logarithmic singularities. This goes as follows: see Theorem 4.2 
and its proof in |DKj for details. Suppose u is psh on a fixed ball B containing 
the origin. For n > let Tin be the Hilbert space of holomorphic functions ip 
on B such that J^ \ip\'^ e~'^^'^ < 00. Let {gni)'i be an orthonormal basis for Tin 
and set ii„ = -^^og^i \gni\'^- If 9 i?' ^ i? is a smaller ball, then there exists 



VALUATIONS AND MULTIPLIER IDEALS 11 

k = k{u, n, B') < oo such that u„ — 27^ log ^^^ ISni P is bounded in B': in particular 
Un has a logarithmic singularity at the origin. 

Demailly approximation interacts very well with the evaluation of quasimono- 
mial valuations on psh functions: we have < ^{u) — ^{un) < A{u)/n^ where A 
denotes thinness FJ2, Proposition 3.12]. 

1.4.5. Tree transforms. f |FJ2l Section 6.1].) Any psh function u has an associated 
tree transform g^ G V, defined by gu{t^) = t^{u) for 1/ € Vqm, as well as an 
associated tree measure pu = Ag^ on V. That these are well defined follows from 
Demailly approximation. If u is psh, then pu cannot put mass on a formal (i.e. 
non-analytic) curve valuation. When vc is a curve valuation associated to an 
analytic curve C = {(j) = 0}, the mass of pu on vc is exactly m{C) times the 
mass of the positive closed (1, 1) current d(Fu on C. By Siu's theorem, this is 
equivalent to saying that u = u' + clog |(/)| with c = m{C)~^ pu{i'tf,} and u' a psh 
function with Pu'i'^c} = 0. 

2. Multiplier ideals of tree potentials 

In this section we define multiplier ideals of tree potentials and examine their 
main properties. As we will show in subsequent sections, this notion contains 
all previously known (to the authors) definitions of multiplier ideals, in a local, 
two-dimensional setting. We also introduce some related singularity exponents. 

Definition 2.1. Let h : Vqm -^ [0, 00) be a tree potential on V, i.e. h ^V. We 
define the multiplier ideal J{h) of h to be the ideal of elements ip € R such that 

hM , ^ 

sup , ,. \, . < 1- 2.1 

Definition 2.2. Let h a V. The singularity exponent, or log-canonical threshold, 
of h is the number c{h) := sup{c > ; J{ch) = R}. The Arnold multiplicity is 
the number A(/i) = c{h)~'^. Thus we have 

A(/i) = sup 4t4 and c{h) = inf ^. (2.2) 

Remark 2.3. It follows immediately from the definition that J'[c{h)h) C R. 

It will be useful to have a less elegant but more concrete criterion for member- 
ship in the multiplier ideal. 

Proposition 2.4. Fix a tree potential h ^ V and ip G R. Let ph and p^ be the 
associated measures on V. Then ip E >Jih) iff the following hold: 

(a) i^(V') + A{i/) > h{i') for all quasimonomial valuations v; 

(b) p^{i^} + m{i') > Phii^} for all curve valuations v. 
Moreover, we have 

(i) if ^ n\, then it suffices to check (a)-(h) for v of multiplicity one; 
(ii) if h = cgj for some ideal I and c > 0, then it suffices to check (a)-(h) for 
V in the approximating sequence of some valuation in the support of pj. 

The proof is given below. Note that 1)2. 1|) is not a trivial consequence of (a). 
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2.1. Properties. Let us now state some basic properties of multiplier ideals as- 
sociated to tree potentials. The proofs are given below. However, two of them are 
relegated to the appendix as they do not follow directly from our approach, but 
rely on the corresponding statements for ideals already proved in the literature. 

Proposition 2.5. The multiplier ideal J{h) is integrally closed. 

It is clear from the definition that if g < h, then J{h) C J{g)- A deeper result 
is the following semicontinuity statement. 

Proposition 2.6. If {hn)]° is a decreasing sequence of tree potentials converging 
in V (i.e. pointwise) to a tree potential h, then J{hn) = J{h) for n ^ 1. 

Notice that since R is Noetherian, the sequence (v7(^n))i° is stationary. This 
does not, however, immediately imply the proposition. 
We can bound the Arnold multiplicity as follows. 

Proposition 2.7. Consider h a V with associated measure p = Ah. Then: 

(i) ^hium) < Hh) < h{um); 

(ii) X{h) > ^h{i'm) iff there exists a tangent vector v at u^ with pU{v) > ^; 
(iii) X{h) = h{i'ra) iff P is a point mass at a curve valuation of multiplicity one. 

Next we have the following subadditivity property. 

Proposition 2.8. Ifhi,h2 e V, then J{hi + /i2) < J{hi)J{h2). 

Our proof uses a reduction to the case when the /ij's are proportional to tree 
transforms of ideals and is given in the appendix. The same holds for the following 
version of Skoda's Theorem: 

Proposition 2.9. Let vq he a divisorial valuation with associated (simple com- 
plete) ideal Iq = luo '^'^'d tree transform go = gj^ . Then we have 

J{h + 2go) = loJih + go) 

for any tree potential h €£ V. 

On the other hand, there is a version of Skoda's Theorem that we can prove 
directly: 
Proposition 2.10. Consider (p £ m with associated tree potential g^p. Then 

J{h + g^) = (PJih) 

for any tree potential h £ V. 

2.2. Proofs. We now turn to the proofs. The fact that multiplier ideals are 
integrally closed is easy to establish. 

Proof of Proposition \2. F\ Let ('0j)i be generators of I = J{h). If -0 E /, then 
y{i^) > minj('0j) for every v G Vqm- This implies that 

h(u) hiu) 

sup —n—^ TTV < ^ax sup , , , -^^ < 1 

/ A{v) + u{iIj) - i u y{ipi) + A{v) 

so that ip £ I. n 
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We now turn to the characterization of J^{h) given in Proposition 12.41 The 
main point is that the supremum in the definition of J^{h) is actuahy attained. In 
fact, the following lemma is the key to the Openness Conjecture for psh functions. 

Lemma 2.11. Fix a tree potential h ^V and let ^ € R. The function 

^<-'> = ^«<-'> = KV5TIM' *'^'> 

defined on Vqm, extends to a function on V continuous on segments. Its supremum 
is attained at a valuation u^,. We may choose v^, to he a quasimonomial or a curve 
valuation, and to belong to the support of h. Further, we may take u^, such that: 

(i) if ip ^ m, then u^, is of multiplicity one; 
(ii) if h = gj for some ideal I in R, then z/j, is an element in the approximating 

sequence of some valuation msupp/9/; in particular, z/^ is either divisorial 

or a curve valuation at an element of R; 
(iii) if h = gu for some psh function u, then u^ is either quasimonomial or an 

analytic curve valuation. 

The main observation in the proof of Lemma l2.11l is that it suffices to consider 
/i on a finite subtree of V. In the same spirit we have: 

Lemma 2.12. For h £ V and < e < 1, the set 

T = %,, := {i/ € V ; ph{^^ > i^} > (1 - e)m{u)}. 

is a finite subtree ofV and J{h) = J{hT-), where hj- is the smallest tree potential 
coinciding with h on T. 

Proof of Lemma \2.11\ We may assume that p := Ah has mass 1. Set 

T = Th4, := {u ; p{p >v}> xi^m) m{u)}. 

If z^ < i^', then m{iy) < m{v') and p{p > z^} > p{p > v'}. Hence T is a tree. The 
number of ends of T is finite, bounded by l/x{i^-m)- Thus T is a finite tree. Its 
ends have finite multiplicity, hence consists of quasimonomial or curve valuations. 
We claim that supy x = sup^- x- To see this, pick any z/i ^ T . Let vq = 
max{z/ G T ; u < ui} and let v be the tangent vector at z/q represented by vi. 
Write m{v) = m, a(fo) = ao and, for v G [z/q, z^i], a = a.{v). The right derivative 
of h at z/Q with respect to the skewness equals pU{v) (see Section fl. 2. lOj) . As h is 
concave on [vq, vi] we have h{u) < /i(fo) + P U{v){a — oq) for v G [z/q, i^i]- On the 
other hand, A{i') > A{uo) + m{a — uq) and i^{ip) > fo(v^)) hence 

X{i^) < ..... . 7 r := M{a), for all z^ G z^o, ^^i • 

uoOj) + A(uo) + m{a - ao) 

Here a >-^ M{a) is Mobius in a, hence 

sup x< sup M = max{x(i^o),"i^V^(^^)} < max{x(z^o), x('^m)}- 

[fOji'i] [ao,oo] 

To prove the last inequality, we note that U{v) fl T = 0. If pU{v) > mx{i^m), 
we could find v' G U{v) close enough to i^q, of multiplicity m and such that 
p{p > u'} > mx{i^m)- This would imply z^' G T, a contradiction. 
Thus supyx = sup^x- 
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As each of the functions /i(z^), z^(V') and A(z^) is continuous on segments in 
Vqm, so is X- We extend x to V by taking hmits along segments. To see that 
these hmits exist, pick vq ^ Vqm and let v ^ vq along the segment [z^^, fo[. 
If vq is a curve valuation, then h{u)/a{u) — > /o{fo}, i'{tp)/a{h') — > p^{uo} and 
A{u)/a{u) -^ m(fo)- This gives x(«^) ^ p{t'o}(/OV;{^o} + "^(^'o))"^- 

When fQ is infinitely singular, we claim that x is decreasing when ly G [z^rn, uq] is 
sufficiently close to vq. This implies that x{^) converges when v -^ vq. To prove 
the claim, note that u i— > !/('(/') is constant equal to fo(V') near uq and that the left 
derivative of h with respect to skewness at u equals p{^ > u}. The left derivative 
of X at 1/ is hence equal to 

dx ^ jAji^) + Mi^))p{t^ >^}- m{v)h[v) 

da {A{v) + uom^ ■ ^■> 

By Section [1.2.81 A{v) — m[v)a{v) -^ — cxd as i^ ^ t'o and /i(i^) > p{/i > z^}a;(i^). 
This easily implies dx/da < and completes the proof of the claim. 

Thus the function x extends to V. Its restriction to the finite tree T is contin- 
uous, hence supy x is attained at some i^^ G T. 

Now suppose ip ^ m, which amounts to z^(V') = 0. Consider a segment Jz^Oi^^il 
on which the multiplicity is constant equal to rriQ > 2. Then (|2.4j) and the two 
inequalities A{u) < m{u)a{i') = moa{iy) and h{i') > p{fi > i>}a{i'), imply ^ < 
on ]z^0) ^1 [• This proves that x is decreasing off the subtree {v ; m{i') = 1}. Hence 
mivi,) = 1, proving (i). 

We saw above that if z/ is a curve valuation, then x(i^) = unless p puts mass 
on u. This proves (iii) as a measure represented by a psh function cannot charge 
formal curve valuations (see Section ri.4.5|) . 

Finally, li h = gj for an ideal /, then p is atomic, supported on finitely many 
valuations that are either divisorial or curve valuations, see Section [1.31 On any 
open segment in V not intersecting the support of p, and on which the multiplicity 
is constant, h is Mobius, hence attains its maximum at its boundary points. This 
implies (ii). D 

Proof of Lemma \2.1'A Suppose first that T is empty. This happens exactly when 
^('^m) < 1 — £• We have A{i>) > 1 + a{v), and h(y) < h{i'm)a{i') for all u, whence 
supv Xh,i < H^m) < 1 so that J{h) = J{hr) = R- 

Suppose now that T is nonempty i.e. h{vxn) > 1 — £• We follow the proof of 
Lemma 12.111 Clearly T is a subtree of V with at most /i(z^m)/(l — £) ends. As 
h > hq- we have J{h) C Jihq-). To prove the reverse inclusion, we proceed as 
follows. Suppose sup-2- x = ^ < 1 where x = Xh,ip- We must show that supy x < 1- 
Consider uq € T and a segment Jvq, ui], disjoint from T. Let m = m{v), where v 
is the tangent vector at z/q represented by vi. For u G ]fo, z^i] we get 

X{i^) < max{x{i^o),p{p > u}/m} < max{t, 1 - e}. 

Hence supy x ^ max{t, 1 — e} < 1, which completes the proof. D 

Proof of Proposition \2.4\ This is an immediate consequence of Lemma 12.111 and 
the formula x(i^) = p/i{i^}/(p^{i^} + m(z^)) for a curve valuation z^. D 
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Next we address semicontinuity. The main ingredient in the proof is the fohow- 
ing lemma. It can be viewed as a general statement about parameterized trees, 
but we shall formulate it only for the valuative tree V parameterized by skewness. 

Lemma 2.13. Under the assumptions of Proposition \2.(A the functions ^/-^J 
decrease uniformly on Vqm to the function h{u)/a[u). 

Proof of Proposition \2. 61 Clearly J{hn) forms an increasing sequence of ideals in 
R and J{hn) C J{h) for all n. Since R is Noetherian, it suffices to show that 
[]J{hn) 13 J{h). Consider G J{h) and write x{^) = K'^)/{'>^{4>) + ^(i^)) and 
Xn(i^) = hn{v)/{i'{(f)) + A{v)). Then supx < 1- Since A> a, Lemma E^l gives 

hn{y) hiv) 

< xn{y) - x{^) < -^ - -H ^ 

uniformly on Vqm, as n ^ oo. This implies supxn < l, i-e. <j) £ J{hn) for large 
n, completing the proof. D 

Proof of Lemma \2.1tA As mentioned above, a version of the lemma holds for arbi- 
trary parameterized trees. For a totally ordered tree it translates into the following 
elementary statement, the proof of which is left to the reader. 

Lemma 2.14. Let g^, g he positive concave functions on [l,c«) such that g^ 
decreases to g pointwise. Then gn{x)/x decreases to g{x)/x uniformly. 

Of course, a tree such as Vqm has a lot of branching. The following lemma will 
be used to control the behavior of tree potentials at branch points. 

Lemma 2.15. Consider tree potentials g, h and quasimonomial valuations ^, v 
with n < v. Assume that 

g{v) h{v) giji) h(p) 

—— > —— + e and —— < —— + e 
ally) a(z^j C(\P') Q^(/"j 

for some e > 0. Then pU{v) > e, where p = pg is the tree measure of g and v is 
the tangent vector at fi represented by v . 

Proof. On the one hand, since h is increasing, the assumptions give 

g{y) > h{v) + ea{i') > h{p) + ea{v) = h{p) + £a{fi) + e{a{i') — a{fi)). 
On the other hand, as 5 is a tree potential, we have 

gii") <g{p) + pU{v){a{v) -a{p)) < h{p) + ea{p) + pU{v){a{v) - a{p)) 
T\ms pU{v)>e. U 

We continue the proof of Lemma [2.1Hl and argue by contradiction. If hn/a does 
not converge uniformly to /i/a, then, after passing to a subsequence if necessary, 
there exist Vn £ Vqm and e > such that /in(^n)/a(^'n) > h{vn) / oiiun) + e for all 
n. Using the compactness of V we may assume that f„ converges weakly to some 
valuation v^ G V. Since /i„ converges to h pointwise on Vqm we may assume that 
the Un are all distinct and different from v^,. 

By Lemma [2.14l we may assume hn/a < h/a + e on [vxn-, ^*[- Hence Vn ^ V^m-, ^Tt] 
so that pn '■= t^* A Un is quasimonomial and /i„ < f„. We apply Lemma 12.151 to 
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g = hn, h = h, fi = fik and v = Uk, for n > k. Recall that h^ > hk- We conclude 
that pn Uk > £, where pn = Phn and Uk = U{vk), where Vk is the tangent vector 
at Ilk represented by u/.- 

If k ^ I, then Uk = Ui or Uk ri Ui = 0. As mass pn = /in(j^m) -^ h{i^ra) is 
uniformly bounded, this implies that, after passing to a subsequence, all the Uk 
are equal. In particular all the fik are equal. As pk ^ i^*, this gives pk = '-'* for 
all k. In particular, u^, is quasimonomial and f„ > l'^,. 

For k > 1 we have z/fc A i^i g]z^^,z/i] as Uk = Ui. Again by Lemma 12.141 
i/jt A 1^1 < Vk for all k > 2. As z^i A z/jt — s- i/^ as /c — > oo we may assume that 
the valuations ui A Uk are all distinct. We again apply Lemma 12.151 now with 
p = vi Avk, V = Vk and still using h = h and g = hn for n > k. We conclude that 
Pn U'j^ > e, where Uj^ = U{y'^) and v'j^ is the tangent vector at vi A Vk represented 
by Vk- But the regions U'^ are mutually disjoint, so since the pn has uniformly 
bounded mass, this gives a contradiction. D 

Next we prove the bounds for the singularity exponents. 

Proof of Proposition \27J[ Recall that p has mass /i(i^m)- 

Write x{i^) = h{v)/A{v) so that A(/i) = supx. The lower bound A(/i) > 
x(^m) = ^h{vjn) is immediate. Recall that A{v) > 1 + a{v). If v £ Vqm, J^ 7^ 
i/m, then h{v) < h{vra) + pU{v){a{v) — 1), where v is the tangent vector at v^ 
represented by v. In general, this gives h(v) < h{vm)a{v), so that xi^) < ^(^m)- 

If pU{v) < ^h{vra), then h{v) < ^h{vra){l + a{v)) so that x(z^) < ^Hvm}. On 
the other hand, if p U{v) > ^h{vm), then we may move v closer to v^n, still keeping 
V E U{v), so that m{v) = 1, A{v) = l + a(i^) and h{v) > h{vjn) + ^h{vm){a{v) — l). 
This gives A(/i) > x{^) > ^H^m)- 

Finally suppose X{h) = h{vra)- By Lemma [2. Ill we have X{h) = xi'^) for some 
valuation z^ E V of multiplicity one. We have seen above that x < ^(^m) on 
Vqm- Hence z/ is a curve valuation. But then xi^) = p{^}/''^i^) = p{^} so that 
p{v} = h(vm) and p is a point mass at v. D 

Finally we prove the second version of Skoda's Theorem. 

Proof of Proposition \2.1(A By unique factorization we may assume that (p is irre- 
ducible. We first claim that J{h + g^f,) C 4>R. Indeed, if V' £ J{h + g<f))i then by 
Proposition 12.41 we have p-,j){v^} + m{cj)) > Ph{i^<f,} + P^{^<f>} > + m{4>). Thus 
Pip{v^} > so that (j) divides ifj. 

It hence suffices to show that if ip £ R, then (j)ij) S J{h + g^) iff ?/^ G J{h). 
But this follows easily from Proposition 12.41 Indeed, if v is quasimonomial, then 
v{ip(j)) — {h + g,j)){v) = v{il)) — h{v) and if i/ is a curve valuation, then p^(j,{v} — 

iph + p<i>)M = p^ii'}- Ph{j^}- □ 

3. Multiplier ideals of ideals 

We now show that if h is the tree transform of a formal power I^, where I 
is an ideal and c > 0, then the multiplier ideal of h agrees with multiplier ideal 
of I'^ with the standard definitions given in the literature. First we consider the 
approach based on resolution of singularities as described in |La| Part III] . Then 
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we explain how to recover Lipnian's definition given in ^. Finally we show how 
to understand asymptotic multiplier ideals of graded systems of ideals in terms of 
tree potentials. 

3.1. Multiplier ideals through log-resolutions. The exposition follows |La[ 
Part III]. See also [W] and |TW| . 

A log-resolution of an ideal / C i? is a birational morphism it : X ^ Speci? 
such that X is non-singular, / • Ox is locally principal: / • Ox = Ox{—F) for an 
effective divisor F, and F + E has simple normal crossing singularities, where E 
is the exceptional divisor of vr. 

The existence of such a resolution in our setting is well-known. In fact, vr can 
be chosen as a composition of blowups at (closed) points. In the analytic case 
R = Oq the reader may think of Spec-R as a neighborhood of the origin in C^. 

Another ingredient in the definition is the relative canonical divisor of vr. It is 
the unique divisor Kx/r, with support in E and whose class represents Jvr, the 
Jacobian determinant of vr 

Kx/R = Kx - T^*KspecR- 

Here Kx and i^speci? denote the sheaf of 2-differentials over X and Speci?, re- 
spectively. 

We also denote by \c\ the round-down of a positive real number i.e. the greatest 
integer less than or equal to c. 

Definition 3.1. Let / C i? be an ideal, and c be a positive real number. Fix a 
log-resolution vr : X — j- Speci? of/, such that FOx = Ox{—F) with F = J^^iFi, 
and write Kx/r = '^f3iEi. We define multiplier ideal of F to be 

JiF) ■.= {^eR; divE^(^» > [cril - ft for all i}. (*) 

Here div^- denotes the generic order of vanishing along Ei of a function on X. 

This definition does not depend on the choice of log-resolution. In the analytic 
case R = Oq, the definition says that a holomorphic germ ip belongs to the 
multiplier ideal iff the pullback of ip vanishes to sufficiently high orders along the 
irreducible components of -k~^{V), where V = Cl^^j (/)~^(0). 

Proposition 3.2. For any ideal I d R and any positive real number c > 0, the 
multiplier ideal J{F) as defined in Definition \S.1\ coincides with the multiplier 
ideal of the tree transform cgi as defined in Definition \2.1\ 

Remark 3.3. Similarly, we may associate a multiplier ideal to an expression of 
the form /^^ • • • /^" for ideals Ij and real numbers Cj. The proof of ProDosition l3.2l 
is easily adapted to show that J(/^^ • • • /^") = J(^j Cj gi-). 

Proof. We first need to translate the condition of vanishing of 'K*tp along Ei d X 
in terms of valuations. We shall denote this condition by (•)i. Note that div^;. is 
a valuation with values in Z. We have r^ = div^;. (vr*/), and ft = div^;. (Jvr) where 
Jvr is the Jacobian determinant of vr. 

First suppose Ei does not belong to the exceptional divisor of vr. Its image by 
vr is then an irreducible curve. We let Vj G V be the associated curve valuation 
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(see Section Fl. 2. '2|) and rrii its multiplicity. Denote by pj and p^ the tree measures 
of / and ip, respectively. It follows from Section lOl that div^;. (vr*/) is equal to 
m~ pi{i^i}- In the same way, div^. (tt*';/') = m~ p^tiiyi}. On the other hand, 
it is clear that Pi = div£;^(j7r) = 0. The condition Qj is hence equivalent to 
m~ p^ifi} > [cra^ p/{fj}J. As the left hand side is an integer, this amounts to 
m~ Pip{i^i} > cm^ PiWi} — 1- We thus conclude that if Ei <f_ 7r^-'^(0), then 

Wi ^ Pii>{vi\ + "i(i/j) > cpi{vi} (3.1) 

Now suppose -Ej is an irreducible component of 7r^-'^(0). Then vr* div^;- (-0) := 
divg. (vr*^) defines a divisorial valuation with values in Z. It is proportional to a 
unique normalized valuation z/j G V: vr* divg. = hiVi where hi = 6(z/j) is the generic 
multiplicity of Vi (see Section [l. 2. 9j) . The thinness A{yi) is given by ai/hi, where 
Oj = a{ui) = divE.(J7r) + 1 (again by Section [T.2.9|l . We infer that if Ei C 7r~^(0), 
then 

(*)i ^ diV£;,(7r» > [C diV£;^(^*/)J -divEi(j7r) 

<;=^ div£;^(7r*V) > c div£;^(7r*/) - divE'i(j7r) - 1 
<;^ bii^i{i{j) > cbiVi{I) - tti 

i.e. 

(*)i ^ z^i(V') + A{ui) > cgi{vi). (3.2) 

Now consider V' G Jicgi)- It follows immediately from Proposition 13.21 that 
condition (*)i in dXTJ), ^^ holds for all i. Thus ij) G J {!'')■ 

Conversely suppose ijj J{cgi). Again we use Proposition 12.41 This tells us 
that either (a) or (b) fails in that proposition. If (b) fails, then there exists a 
curve valuation v such that Pii,{i^} + m(i/) < cpi{iy}. This inequality implies that 
the element in R corresponding to i^ is a factor of /. Hence i' is one of the curve 
valuations i^i above. Thus (*)« in (|3.1j) fails and ip ^ J'{I^). On the other hand, 
if (a) fails, then there exists a divisorial valuation i' such that i'{ip)+A{i') < cu{I). 
We may take a log-resolution vr of / such that v corresponds to an exceptional 
divisor of vr. This can be achieved by further blowups of a given log-resolution of 
/. Thus u = Vi for some i, so that (*)j in (|3.2|) fails and ip J'{I^). D 

3.2. Lipman's approach. The definition of Lipman in jLij has the advantage 
of not depending on a log-resolution and hence makes sense in great generality. 

We describe Lipman's construction in our setting, namely for an equicharacter- 
istic zero, two-dimensional, regular local ring R with algebraically closed residue 
field k. Write K for the fraction field of R. 

We first need some definitions. For a (not necessarily centered) valuation p on 
R, we let R^ = {(j) £ K ; p{(j)) > 0} be the valuation ring, m^ = {cp G K ; p{(j)) > 
0} the (unique) maximal ideal in R^ and /c^ := R^/xn^ the residue field. Note 
that k^ is a field extension of A:. A prime divisor is by definition a valuation on R 
whose residue field has transcendence degree / — 1 over k, where / is the height of 



Lipman used the term adjoint ideals and defined them for ideals rather than formal powers 
of ideals. 
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m^ n R i.e. the dimension of the center of fx in Spec R. Let us describe expHcitly 
in our situation what a prime divisor means. Two different cases may appear. 

(i) 1 = 1. Then the center of /i is a principal ideal generated by an irreducible 
element ^p € R. In this case for any <j) ^ R, we have fj-{(j)) = divc((/>) for 
some irreducible C C Speci?. 
(ii) / = 2. Then n is centered at the maximal ideal m of R. The transcendence 
degree of k^ being 1 implies that ;U is a divisorial valuation (see |F.TH 
Proposition 1.12]). 

Lipman's construction uses the Jacobian ideal Jji m, whose definition is purely 
algebraic. In our setting it is given as follows, following the two cases above: 

(i) When 1 = 1, the ideal Jji /n is trivial. 

(ii) When / = 2, /i is a divisorial valuation. Fix a composition of blowups 
vr : X — > Spec R such that the center of /i in X is a divisor E. For a closed 
point p & E, the ring Ox,p can be naturally viewed as a subring of R^ by 
the isomorphism vr^, between function fields of X and Spec R. Then the 
ideal Jj^ /^ C R^ is generated by the Jacobian determinant of vr. 

We can now set 

Definition 3.4. Let / C i? be an ideal and let c > 0. The multiplier ideal of I^ 
is the ideal 

Jin := f]{i^eR; ^ii^l^) > Lc/z(I)J - fi{JR^/R)} 
/^ 

where the intersection is taken over all prime divisors fi of R. 

If / is an ideal and c > 0, then we may consider both the multiplier ideal of 
I^ above and the multiplier ideal of the tree potential cgj. Both are defined in 
terms of valuations. Hence the following result is perhaps not so surprising. 

Proposition 3.5. For any ideal I d R and any c > 0, the multiplier ideal J{I^) 
in the sense of Definition \3.4\ coincides with the multiplier ideal of the tree potential 
cgi as defined in Definition al. 1[ 

Proof. Pick tjj ^ R. First consider a curve valuation v = uq vc^ V. We denote 
the prime divisor associated to v by divc. Note that divc is not centered at the 
maximal ideal m <Z R. We then have the sequence of equivalences 

divc(^) > [cdivc(/)J - diYc{JR^.^^/R) <^ divc(V') > cdivc(/) - 1 

-^ Pvi^c*} > cpi{uc} - m{C). 

Now consider a divisorial valuation i/ £ V. Fix a composition of blowups vr 
such that 6 z^ = vr* div^; for some exceptional component E, b being the generic 
multiplicity of u (see Section [1.2.9(1 . Let a — 1 be the order of vanishing of the 



Lipman's original definition was for c = 1 in wliicli case tlie " [-J " can be omitted. 
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Jacobian determinant of tt along E. By the discussion above 

l^{lP) > [ci^{I)\-iy{JR,^/R) ^ diV£;(7r» > LcdiV£;(7r*/)J -diV£;(j7r) 

44> div£;(7r*^) > cdiv£;(7r*/) — div£;(j7r) — 1 
<» 6i/(V') > bcu{I) - a 
^ i^iip) >cgi{iy)-Aii^). 
This concludes the proof in view of Proposition 12.41 D 

3.3. Multiplier ideals of graded systems. Another type of multiplier ideals 
have been defined for graded systems of ideals. Here we show that these multiplier 
ideals can also be understood through tree potentials. 

Let /, = {Ik)k>i be a graded system of ideals. This means that Ik is an ideal 
in R for every k and that I^h C Ik+i for all /c, /. Fix c > rational. It is proved 
in |Laj (see also below) that the sequence of ideals {Jil^ ))fe>i has a unique 
maximal element. 

Definition 3.6. The asymptotic multiplier ideal J7'(/^) is the unique maximal 

element of the sequence {J{ll! ))k>i- 

Definition 3.7. The singularity exponent (or log-canonical threshold) of /, is 
c(/,) := sup{c > ; J{I'^) = R}- The Arnold multiplicity is A(/,) := c(/,)~^. 

Let gt be the tree transform of It- The condition I^Ii C Ik+i then implies 
Qk+i ^ gk + 91- It is then elementary that the sequence k^^gk converges in V (i.e. 
pointwise) to the tree potential g := inik~^gk. Moreover, the subsequence 2~^ g2j 
is decreasing, so by semicontinuity (Proposition 12. 6|) we have J{c2~^ g2j) = J{ch) 
for i ^ 0. On the other hand, J{ck^^gk) = J {Ik ) for all k by Proposition 13.21 
This gives 

Proposition 3.8. Given a graded sequence /, of ideals there exists a tree potential 
g = gj, such that the asymptotic multiplier ideal J{Il) coincides with the multi- 
plier ideal J {eg) for any c > 0. As a consequence, c{I,) = c{g) and A(/,) = \{g)- 

Remark 3.9. It follows from Theorem 18.11 that g = gj, is uniquely determined 
by the properties stated in Proposition 13.81 

Remark 3.10. Not every tree potential g is associated to a graded system of 
ideals /,. An example is given by (7 = a(/i A •), where /i is infinitely singular of 
infinite skewness. Indeed, ^(/i) = 00, whereas ^{I) < 00 for every ideal /, hence 
9i.{l^) < cc for any graded system I,. It would be interesting to characterize all 
tree potentials associated to graded systems of ideals. See |FJ21 Section 6.2] for 
related questions. 

Example 3.11. If / C i? is a fixed ideal and fco £ N, then Ik := /'^+*^o defines a 
graded system of ideals. In this case k~^gi^, = {l + ko/k)gi — > gi so J{Il) = J{I^) 
independently of /cq- 

Example 3.12. If z/ G V, then Ik '■= {(f) ^ R ] ^-'{4') ^ ^} defines a graded system 
of ideals. In this case the tree potential h in Proposition 13.81 satisfies 

/\h = a{u)-^v. (3.3) 
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Moreover, c(/,) = a(i/)(l + a{ui)^^), where ui is the first element in the approx- 
imating sequence of i^. In particular, if a(z^) = cxd, then g = 0, and c(/,) = oo. 

Let us sketch a proof of (|3.3|) . It is easy to see in general that g{fi) > h{n) := 
a{i')~^a{fi A u). For the reverse inequality, suppose first that z/ is a divisorial 
valuation of generic multiplicity b. Then the tree transform of Iha(v) is precisely 
/i — > ha{^ A i^), see Section [T31 Whence (7 = /i in this case. In general, take 
an increasing sequence of divisorial valuations f„ tending to v, and apply the 
preceding result. 

4. Multiplier ideals of psh functions 

We now turn to multiplier ideals of psh functions. For this to make sense we 
work in the analytic case R = Oq. Recall that if u is psh, then the multiplier 
ideal J{u) consists of the holomorphic germs ijj € R such that |^pe~^" is locally 
integrable at the origin (see |N| IDKj ). The (complex) singularity exponent (or 
log-canonical threshold) of u at the origin is c{u) = sup{c > ; e"^*^" € Lj^^}- 
The Arnold multiplicity is X{u) = c{u)~^. Our goal is to prove 

Theorem 4.1. If u is a psh function then the m,ultiplier ideal of u equals that of 
its tree transform. In other words, if ip is a holomorphic germ, then 

ij G J{u) iff sup .^'^y,. . < 1. (4.1) 

The proof makes essential use of the Demailly approximation technique in Sqc- 
tion 11.4.11 In fact we have 

Corollary 4.2. // n„ are the Demailly approximants of u, then J{un) = Jiu) 
for n ^ 1 . 

Proof. We have < v{u) — v{un) < A{u)/n for all v € Vqm, hence 

v(u) viUn) 1 

< — ^—^ < -, 

~ ^{11)) + A{u) v{^)+A{v)~n 
which easily implies the corollary in view of 1)4. 1|) . D 

We split the proof of the theorem into two parts: non-integrability and inte- 
grability. Set 

By Lemma [2.111 x attains it supremum on V. We emphasize that this fact is really 
the key to the openness conjecture fCorollarv 15.1(1 . At any rate. Theorem 14.11 
follows immediately from Proposition 14.31 and Proposition 14.41 below. 

Proposition 4.3. Let u and ^ be as in Theorem \4.1\ Suppose there exists v ^V 
such that x(i^) > 1- Then \tp\'^e~'^^ is not locally integrable at the origin. In fact, 
we then have VolJlV'pe"^" > R} > R^^ as R ^ 00. 

Proposition 4.4. Let u and ^ be as in Theorem \4.1\ Suppose that supx < 1- 
Then j-i/'l^e"^" is locally integrable at the origin. 
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Proof of Proposition^^ It suffices to show the estimate VolJlT/'pe"^" > R} > 
R~^ as i? — > oo. By Lemma 12.111 we may assmne u is not infinitely singular. 

First suppose u is quasimonomial. Then i'{tp) — h'{u) < —A{u) < 0. We use 
the analysis in Section ri.4.21 Write i' = V(f,^t and pick a coordinate x transverse (p. 
Let A = -4.0^i^a;^c'(r) be a characteristic region. Then Vol(^) > j-'iA{u) _ Moreover, 
u{p) < v{u) log ||j?||r + 0(1) and log [-(/'I > ^(V') log \\p\\ + 0(1), so 

log 1^1 - u > (i/(V') - y{u)) log IIpII + 0(1) > -A{v) log r + 0(1) 

in A. The desired estimate follows by choosing R ^ ^-"^M^) _ 

Now suppose J/ = f(^ is a curve valuation. Then is a holomorphic germ. 
By Section Fl. 4. 51 we have u = clog|(^| + u' with c = pu{v,i)}/rn{(l)) and u' psh. 
Similarly, if) = <j)""ip', where a > and (j) does not divide ^p' . Then 1 < xi'^^) = 
c/{a + 1), so that c > a + 1. Since u' is bounded from above we have 

near the origin. Pick a composition of blowups vr, and a smooth point p € 7r~^(0) 
such that the strict transform of 0~^(O) is smooth and intersects the exceptional 
divisor transversely at p, and such that the strict transform of (^')^"'^(0) does not 
contain p. This can be done by successively blowing up the intersection point of 
the strict transform of (?!)~^(0) and the exceptional divisor. Fix coordinates {z,w) 
at p such that 7r~^(0) = {z = 0} and ^~^(0) = {zw = 0}. We may assume 
TT*(f> = z^w, Jtt = z'- and TT*ip' = z'^ip, where k,l,m G N* and ijj{0) ^ 0. Fix 
ro > small, and consider < r <C tq. Set Q(r) := vr{|z| < tq, \w\ < r}. By the 
change of variables formula. Vol r2(r) > r^. If p = 7r{z,w) G ^{r), then 

\TT*(p[Z,W)\'^ 

The desired estimate follows by choosing R ~ r^^. D 

Proof of Proposition \4-4\ First suppose u has logarithmic singularities, say u = 
§ log X]i=i I'/'iP for (f)i ^ R and c > 0. The tree transform of u then coincides with 
the tree transform of I^, where / is the ideal generated by the (j)iS. Integrability 
can now be proved as in |DK1 Proposition 1.7], using the results of Section |3J 

This goes as follows. Let vr : X — > (C^,0) be a log-resolution of the ideal /. 
Thus the total transform of the curve V = \Y\i 4>i = 0} is a union of smooth com- 
ponents with normal crossing singularities. By the change of variables formula, 
the function <I>^ = \7p\'^ ex.p{—2u) is locally integrable iff {n*^ ■ |Jvr|)^ is locally 
integrable at any point p € 7r~^(0). 

Let {Ei} be the set of irreducible components of 7r~^(y). For any i, we let /3j, 
Tj and 7j be the order of vanishing along Ei of Jvr, vr*/ and 7r*'ip, respectively. As 
in Section IHl the condition supx < 1 implies that 6i := "ji + Pi — [cr^J > 0, hence 
6i > —1 for all i. 

Now pick p £ 7r^"'^(0) and local coordinates {z,w) at p such that tt^^V C 
{zw = 0}. The calculations above give vr*$ • |Jvr| > |2;| |i(;| where S,6' > —1. 
Thus (vr*<I> • I Jvr I )^ is locally integrable at p, completing the proof when u has 
logarithmic singularities. 
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We now consider the case of an arbitrary psh function. As in the proof of 
Theorem 4.2 in |DKj we use Demailly approximation to reduce to the preced- 
ing case. By Section 11.4.41 there exists a small neighborhood B' of the ori- 
gin, and, for each n > 0, finitely many holomorphic functions {gnl}i=i with 
/s' bnZp exp(— 2nn) < 1, such that the psh function ii„ = {2n)~^ log J2\9ni\'^ 
(which has logarithmic singularities) satisfies \iy{u) — u{un)\ < n~^A{u) for any 
^ £ Vqm- Thus Holder's inequality with p = n and q = n/{n — 1) gives 



^b„;|'exp(-2pn)J l\i^\^'CE\gni 




<k'/p{l IM^'^iyjOner'^"] =k^'^[l |V'P'^exp(-2gn„)''' 





For any quasimonomial valuation u, we have 

j/(n) qviun) 



\XuA^) - Xqur,,i>l{v)\ 



<i 



u{'il})+A{u) qu{il))+A{v) 

By assumption supxw,?/) < 1; hence supx<7«„,V'« ^ ^ ^°^ large n. By the preceding 
argument, l^'P'' exp(— 2gnn) is locally integrable, thus so is IV'P exp(— 2n). D 

5. Singularity exponents and Kiselman numbers 

We now apply our machinery to study the singularities of psh functions. 

Theorem 14.11 immediately implies that the complex singularity exponent c{u) 
and Arnold multiplicity \{u) of a psh function u equal those of its tree transform 
Qu as defined by ()2.2|) . In view of Remark 12.31 and Lemma 12.111 we then have 

Corollary 5.1. For any psh function u we have 

viu) ^{^) 

Mu) = sup —-1—- and ciu) = int — ^^, (5.1) 

and the supremum and infinium are attained at a valuation of multiplicity one. 

Further, if c = c{u), then exp(— 2cm) is not locally integrable at the origin. In 
fact, Vol{n < logr} > r^'^(") as r ^ 0. 

Remark 5.2. This corollary contains an afhrmative answer to the openness con- 
jecture for psh functions in dimension 2: sec DK, Remarks 5.3 and 4.4]. 

Example 5.3. If ^ = y" -|-x™ with m < n, m,n relatively prime, and u = log IV'I 
then the supremum in 1)5. 1() must be attained at a valuation of the form f^^j, 
1 < t < oo. Thus A(log 1^1) = sup^max{nt,m}/(l +t)= nm/{n + m). 

Let us rephrase Corollarv l5.1l in terms of Kiselman numbers, using Section ri.4.11 
If m(z^) = 1, then f = Vy^t where {x,y) are local coordinates and t > 1. Moreover, 
^{u) = v^flu) and A{i') = 1 -|-t. Hence i'{u)/A{iy) = v^u^,^\ j^/n , ^-)('u). 

Corollary 5.4. The Arnold multiplicity of u is the supremum of all Kiselman 
numbers z^^'^(m) over all choices of local coordinates {x,y) and all choices of 
weights (a, b) with a + b = 1. 
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By fixing the local coordinates (x, y) and letting the weights vary we obtain a 
lower bound for the Arnold multiplicity proved by Kiselman |Ki2j (in any dimen- 
sion). We can also bound it in terms of the Lelong number v^{u): 

Corollary 5.5. The Arnold multiplicity X{u) of u satisfies 
(i) \v^{u) <\{u)< v^{u); 
(ii) \{u) = v^{u) iff ddPu is the current of integration on a smooth curve plus 

a current with zero Lelong number; 
(iii) if X{u) = 2^ \u), then the Lelong number of the strict transform of u 
under a single blowup vr of the origin is at most ^i^^iu) at any point on 
the exceptional divisor tt^^ (0) . 

Remark 5.6. The bounds in (i) are due (in any dimension) to Skoda [Sj. The 
characterization in (ii) sharpens a recent result by Blel and Mimouni |BMj (see 
also |Mij ) . who proved that if u has Lelong number one, then exp(— 2n) is locally 
integrable unless dd^u puts mass on an analytic curve. The implication in (iii) 
seems to be new. 

Remark 5.7. The converse to (iii) is false, as is shown by the example u = 
logmax{|?/|, 1x1^+'^}, where < e < 1. Here i/^{u) = 1, X{u) = (1 + e)/(2 + e) > 
1/2, but the strict transform of u has Lelong number zero at all points of 7r^^(0), 
but one, at which the Lelong number is e. 

Proof of Corollaru \5.,'^ All of this is a consequence of Theorem 14 . 1 1 and Proposi- 
tion [TTJ Indeed (i) follows immediately, as does (iii) in view of Section [1.4.31 As 
for (ii) we get that the tree measure pu is a point mass at a curve valuation, which 
must be associated to a smooth analytic curve {i;^ = 0}. Siu's Theorem now yields 
u = log \(j)\ + u' with u' psh. Clearly u' has zero Lelong number. D 

6. The ascending chain condition. 

We now wish to give a new proof of a result describing the structure of the set 
of complex singularity exponents of holomorphic functions. 

As our approach is algebraic, we work in the general case, that is, R is an 
equicharacteristic zero, two-dimensional, regular local ring with algebraically closed 
residue field. Ii tp ^ R, let c('0) = c{g^) and A(^) = c{'>p)~^ be the singularity 
exponent and Arnold multiplicity of ■0- Here g^ is the tree potential of ip. Thus 
X{tp) = supy ^^ Xi/'(^)> where XV'(^) — '^{'^)/^{^)- ^^ the analytic case R = Oq we 
have c{jp) := c(log {ipD and X{ip) = A(log 



To motivate the result, first consider ■0 G m irreducible and let {I'i)^ be the 
approximating sequence of v^ . It follows from Corollary 15.11 that the supremum 
of Xip is attained at ui. This gives c(V') = j;^ + j^. By Section [TTIl i^i{tp) 
is an integer, so that c{ip) g ^ -|- j^, a result that seems to have first been 
proved by Igusa P; see also |Kuj . When is no longer assumed to be irreducible, 
c{ip) j^ + r^ in general (see |PSj for a counter-example). Nevertheless we have 

Theorem 6.1. ^Sl 1992], |Eul 1999], [EHl 2000]; The set c = {c(0) ; G m} 
satisfies the ascending chain condition (ACC): any increasing sequence in c is 
eventually stationary. 
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Further, the limit points of c are and the rational numbers 1/a for a > 1. 

Proof. We will show that A := {A(^) ; ifj € m} satisfies the decreasing chain 
condition (DCC) and that its limit points are NU{oo}. Our proof mainly consists 
of a careful study of the functions Xip on Vqm, for ifj ^m.. 

Fix ip and let ■0 = '/'fc* be the decomposition into irreducible factors. For any 
k we define the valuation u^ = max{z/ G V ; m{v) = 1, u < i^(f>f,}- This is either 
u^i^ or a divisorial valuation. Write I'ki = ^k ^^^i and ati = aivki)- 

Fact 1. For all /c,/, either atinrik or atimi is an integer where ruk = m{(j)k)- 

We first note that m^ak is always an integer (if a^ < oo). For this we refer 
repeatedly to Section fl. 2 .71 As u^^ > u^, the generic multiplicity b^ of z^^ divides 
mfc. Thus a{v}^)b{uk) = ctfc&fc ^ N, hence akm^ G N. This shows Fact 1 when 
^fc/ = ^fc or f/. If this is not the case, then Vj^i < v^, ly^i < vi. As m{vk) = m{vi) = 
1, K'^ki) = 1 and again au E N. 

Fact 2. The supremum of x»/) is attained at a valuation u^^i for some k, I. 

After unwinding definitions, Lemma l2.11l (i) and (ii) imply that the supremum 
of Xi) is attained either at Vxn or at one of the fki- If ^ki = ^m for some k and /, the 
proof is complete, so assume that Vki > ^m for all A;, /. Then there exists a unique 
tangent vector v at Vxn such that v^i G U{v) for all /c, /. It is then straightforward 
to verify that D^Xtp > 0- Hence the maximum is not attained at v^ and we are 
done. 

Fact 3. For any k, I, we have i/fc/(V') ^ ^ U ^. 

If z^</)i ^ i^kl, we have t'fc/ (</>«) = akifni which belongs to ^* /m^ U IS* /mi by 
Fact 1. If i^<^. ^ i/fci, then i/h('/'j) = ^ik{(t>i)- Then either fj^ = fj, and z^^l^i) G N*; 
or i^jfc < z^i, Vik < ^ki and ajfc € N* so that z^fc/(<^i) S N*. 

Fact 4. Suppose A(V') = Xipi'^ki)- Set / = {« ; z^^, > z^fci} and let J be its 
complement. Then 

^ ajVki{(t)j) < ^ ajmj. (6.1) 

J / 

This inequality follows from the assumption \{ip) = X^pi'^kl)- For any t in an 
interval T = [ati — rj, aki) for rj sufficiently small, we have 

x['^i>^,t) = Yl~t ■ 

As the supremum of x is attained when t = a^i, we infer that x' ^ on T. A 
direct computation then shows H6.1() . 

We are now able to prove the theorem. First note that it suffices prove that 
A n (0, C) satisfies the DCC for any C > 0. So pick a sequence ipn & vn such that 
A('i/'n) is decreasing and bounded from above by C. Since X{ip) = sup i'{ip) /A{i/) > 
m{ip)/2, we can bound the multiplicity m{'iljn) < 2C. For any n, we introduce (j)^, 
a^i, /"■, J" as above. To simplify notation we drop the superscript n. We also 
denote by A/" = {^ ; p,q (z N*, q < 2C}. This is a discrete semi-group. Fact 2 
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implies that we can write 

{^j aimi)aki + YjJ aji^kiifl^j) 



H^n) 



(S^aimi 



l + Oikl 



We have 'Yli^'ifni < m{'ipn) < 2C, so we may assume that "^jaiTiii is constant, 
say equal to D, for all n. Fact 3 implies that ^j aji'kii'Pj) belongs to the discrete 
set M. It is also bounded by D by Fact 4, so we may assume it is constant. Thus 
X{ipn) = D — ^ for some E. Now A(V'n) is increasing, hence au is decreasing. 
Finally Fact 1 shows that ati G M and therefore is constant for large n. This 
proves that A satisfies the DCC. 

In order to find the limit points of A, suppose Xiipn) ^ A € A, A 7^ oo. 
By extracting a subsequence and using the DCC we may assume that A(V'n) is 
increasing. The argument above applies again: for n large, we have A('i/'n) = 
D — E{1 + aki)~^ for some constants D,E > 0, where Z? is a integer. If \{'4^n) 
is not stationary, a^i increases to infinity, so that A = -D € N. This shows that 
the limit points of A are included in N U {00}. Conversely, we have A(y''" + x") = 
mn/{m + n). Letting m — > 00 while keeping n constant gives n € A. Letting 
m,n ^ 00 gives 00 G A. This concludes the proof. D 

7. Ideals as multiplier ideals 

Proposition 12 . 51 asserts that the multiplier ideal associated to any tree potential 
is integrally closed. Our aim is to prove the converse statement, thereby giving a 
new proof of a theorem by Lipman and Watanabe |LWj . 



Theorem 7.1. If J is an integrally closed ideal of R, then J = J{g) for some 
tree potential g. 

Remark 7.2. Our proof is constructive and generates a tree potential of the form 
g = cgi, where / is an integrally closed ideal and c > 0. The choices of / and c 
are not unique. 

Remark 7.3. Lipman and Watanabe work on more general rings. They also 
prove that if J = 7,^ with 1/ divisorial, then there exists an ideal I with J^{I) = J 
iff 6(1^) = 1. More generally it would be interesting to know what integrally closed 
ideals are of the form J {I) for an ideal /. 

Proof. Any integrally closed ideal in R is the product of a principal ideal and a 
primary ideal. In view of Proposition l2.10l we may hence assume that J is primary. 

Let us recall some notation from the analysis of tree transforms of ideals in 
Section ll.31 The tree measure of J on V is of the form pj = ^^UibiVi. Here 
nj E N and Ui is divisorial with generic multiplicity 6j. Write Oi = a{i'i) and 
Ai = A{ui). Set m = m{J) = 'Yli'^i^i ^"^^ ^^^ ^ be the support of the tree 
potential gj^ i.e. the smallest subtree containing v^a and all the Vi. 

Pick ij^ij S m irreducible for l<^<'r,l<j<nj such that m{ipij) = bi, 
u^.^ > Ui and the i/^.^. represent rij distinct tangent vectors at z/j. The curves Cij := 
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Figure 3. Construction of a tree potential with a predetermined 
multiplier ideal /. The Zariski factorization of / is / = /1I2/3/4 
and fj is the Rees valuation of /,, 1 < i < 4. The curves Cij are 
chosen as curvettes of Vi and the valuations I'ij are well-chosen on 
the segments [f,, i^dj]- See the proof of Theorem 17. 11 



{tpij = 0} are then curvettes of fj. Define Uij to be the unique quasimonomial 
valuation in ]fj,i/^. .[ whose thinness Aij = A{uij) is given by Aij — Ai = Ri for 
a constant Ri > depending only on i to be fixed shortly. See Figure El Write 
aij = a{i'ij) so that bi{aij — Oi) = Ri. For a given e > 0, we define the tree 
potential g by 



Ag = {l + e) Yl 



biUi, 



i<r, j<ni 

Let Tg be the support of g (i.e. Tj with the segments [i^ijfjj] attached) and let 
c{J) = inf,y A{i/)/i'(J) be the complex singularity exponent of the ideal J (see 
Corollarv lS.lj) . In the sequel, we fix e < m{J)^^ . With this choice, we now show 
that we can pick Ri > 0, for i < r, so that 



ui{J) + Aij 
To see this, notice that 



Kgii^ij) < i'i{J) + A. 



ij- 



(7.1) 



giu,j) = il + e){i^i{J)+Ri). (7.2) 

Hence g{vij) — i^i{J) — Aij = evi[J) — Ai + eRi =: Si. We want to pick Ri > so 
that Si G {—b~ , 0). Clearly Si is an affine function of Ri and Si —>■ 00 as Ri —>■ 00. 
Hence it suffices to show that Si < when Ri = i.e. that efj(J) < Ai. But the 
tree potential properties of gj give fi(J) < mui. Hence ez^j(J) < Oi < Ai. 

Finally, we note that g is proportional to the tree transform of some integrally 
closed ideal. Indeed multiplying ^ bii^ij by the least common multiple of all the 
generic multiplicities b^i'ij) we obtain the tree measure pi of some ideal /. We 
can thus write g = cgj for some c > and some integrally closed ideal /. 

We claim that J^{g) = J. Let us first prove that J^{g) D J. By Proposi- 
tion 123] (ii) it suffices to show that J^(J) -|- A{i') > g{v) for v ^ Tj and v = Vij. 
The latter case is taken care of by (|3.1|) . As for the former, \i u G 7j, then 
g{v) = (1 + e)v{J). Moreover, viJ) < m{J)a{v) < m{J)A{i>), so 

g{iy) 1 + e 1 + 



< 



u{J) + A{u) l + A{i^)/i^{J) l + m{J) 



< 1. 
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We now complete the proof by proving that J^{g) C J. Fix ^p G <J{g)- Then 

u{^) > g{u) - A{u) (7.3) 

for all V € Vqm- By Section [1.31 we must show that Vi{(t)) > Vi{J) for all i <r. 
For i < r and any j < Ui, ()7.1() and ()7.3() imply that 

We let 7\A C {1, . . . , r} be the set of i for which there exists j such that (j) has no 
irreducible factor (j) with ui A Vij > i/j. After relabeling we have TV = {1, . . . , k}. 

For 1 < i < fc, we infer immediately that i'i{(t)) = i'ij{4') > ^i{J) — b~ ■ Since fj 
is divisorial we have i^iic/)) G 6~ N (see Section ri.2.9() . hence z^i(0) > i'i{J)- 

If /c = r, the proof is complete. Thus assume k < r and pick i with k < i < r. 
For any j < m, (p admits an irreducible factor (j)ij with z^^-. A Uij > vi. The 
multiplicity of (j)ij is necessarily a multiple of ftj, say Pij6i. 

We now replace 4)ij by V'jJ^i where ■0ij S'i'e defined above. By doing this re- 
placement whenever k < i < r and 1 < j < nj we obtain from (f) a new (/> € m, for 
which 1^(0) = 1^(0) for all u £ Tj. 

We can then write = 0' nfc<i<r V^* where ■0i = 111 V'ij and 0' G m. Notice 
that if i' G T; then I'^ipi) = hiU ■ Ui and y{J) = Yl\ ^i^i t^ ■ t^i- Thus, for u £ Tj we 
have 

k 
1/(0) - u{J) = u{4>) - iy{J) = u{(p') - J2 r^ibi ^■n= ^{(p') - ^J'), (7.4) 

1 

where J' is the integrally closed ideal associated to the measure Yli iT'ihi^i (see 
Section lO]) . We have seen that fj(0') — t'j(J') = fi(0) — i^iiJ) > —b^^ for all 
i < k. As above we conclude that in fact fj (</>') — i^i{J') > 0. As the support of 
Pji is included in the z/j's, we infer ^{(p') > v{J') for all u G Vqm- Thus (|7.4|) gives 
1^(0) ^ '^(J) for all zv G T/. Hence (p £ J, which concludes the proof. D 

Remark 7.4. It follows from the proof that we may in fact choose the numbers 
Ri of the form Ri = n/bi for n G N*. One can then check that our construction 
coincides with that of Lipman and Watanabe |LWj . 



8. Equisingularity 

In general we may refer to two objects as equisingular if they have the same 
tree transform. Two ideals are equisingular iff they have the same integral closure. 
(This is classical, but see |F.TH Theorem 8.12].) Two psh functions are equisingular 
iff their pullbacks by any composition of blowups have the same Lelong number 
at all points on the exceptional divisor, see |F.T2| Proposition 6.2]. 

Our objective now is to show that equisingularity can be detected at the level of 
multiplier ideals. This is achieved through the following theorem, which allows us 
to recover a tree potential from the multiplier ideals of all its constant multiples. 

Theorem 8.1. Suppose h is a potential. For t > 0, let ht be the tree transform 
of the ideal J'{th). Then h — t~^A < t~^ht < h, where A denotes thinness. In 
particular t^^ht converges to h in V as t ^ oo. 
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Remark 8.2. The sequence (n~^/i„)J^^ can be thought of as an analogue for a 
tree potential of the Demailly approximating sequence of a psh function. 

Corollary 8.3. Let /ii,/i2 G V. Then hi = /i2 iff J{thi) = J{th2) for all t > 0. 

Using the results of Sections El and we immediately infer two corollaries. 

Corollary 8.4. Let /i,/2 be integrally closed ideals. Then /i = I2 iff J^{Li) = 
J{I^) for aline 'N*. 

Corollary 8.5. Letui,U2 be psh functions. ThenJ'{tui) = J'{tu2) for all t > 0, 
iff the tree transforms of ui and U2 coincide. 

Remark 8.6. Corollary 18.51 can be deduced directly from Ohsawa-Takegoshi's 
theorem. Similarly, Corollary 18.41 is a consequence of Skoda's theorem, which 
implies J (/") = /"-ij(/). 

Remark 8.7. It is not true that if /,, J, are graded systems of ideals with 
J(I^) = J(J^) for all 00, then I, = J,. See Example EIIl 

We give a proof of Theorem 18 . 1 1 based on the subadditivity property for multi- 
plier ideals proved in |DELj . 

Proof of Theorem \H.l\ One inequality is elementary: for any (j) G J{th) we have 
z^((/)) > th{v) — A{i'), hence t~^ht > h — A/t. The other inequality, on the other 
hand, is quite deep, but it is an immediate consequence of the following result, 
whose proof is given below. D 

Lemma 8.8. For any tree potential h, the tree transform of J{h) is dominated 
by h. In other words, gjth) — h- 

Remark 8.9. Explicitly, this lemma asserts that for any tree potential h, and 
any u G Vqm, one can find (p G J^{h) so that iy{(l)) < h{i'). It would be interesting 
to have a more direct construction of such an element (p. 

Proof of Lemma W^ Let p = ph he the measure associated to h. We will gradu- 
ally build the proof using successively more general measures p. 

First suppose h = gj for an integrally closed ideal /. li ip € I, then i'{'ip) > v{I) 
for all z^ G V. Hence i'{'il^) + A{v) > v{I) for all v G Vqm and p^{i'}+m{v) > vi{v} 
for all curve valuations v. By Proposition 12.41 this implies V G J {I). Hence 
/ C J {I), so Lemma 18.81 is immediate in this case. 

We now consider the more general case h = cgj, where / is an integrally 
closed ideal and c > is rational. By the subadditivity theorem of Demailly-Ein- 
Lazarsfeld |DELj we have J{I'^'^) C J'{I'^y for any q. (Our situation is strictly 
speaking not contained in |DELj : a more general statement than what we need 
can be found in |TWj .) Therefore I'^'^ C J{I'^Y if cq G N. Hence cqgi > qgj(ic), 
which gives h > gj(^hy 

The next more general case is when the support of p is included in a finite 
tree T whose ends are quasimonomial valuations. We approximate p by atomic 
measures pn = X^jC^i/". We can suppose i^" are all divisorial valuations, and 
cf are rational numbers. We can also impose that hn = gp„ decreases towards 
gp = h. To do so, note that by linearity, we may take the support of p to be 
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included in a segment T = [z^^, z^q]- The set of divisorial valuations in T coincides 
with the set of valuations with rational skewness, and is hence dense in T. We 
now have to approximate a concave function on T by a decreasing sequence of 
piecewise linear functions with rational slopes, and whose second derivatives are 
measures supported on the rationals. This can be done in an elementary way. 

By Section 11.31 q hn is the tree transform of an integrally closed ideal /, if q is 
the product of the denominators of c" with the generic multiplicities of z^" over 
all i. By the preceding argument, the tree transform of J{hn) is bounded by h^- 
As h < hn we infer gji^h) ^ 9j(hn) — ^n- We conclude, by letting n — > oo, that 
9j(h) < h as desired. 

Finally consider a general tree potential h. First assume that p{i^} < m{v) 
for all curve valuations v. Since p has finite mass we may pick e > such that 
in fact p{y} < (1 — £)m{v). Define T = {i^ € V ; p{p > v} > {^ — e)m(z^)}. 
By Lemma [2.121 T is a finite subtree of V and J{hr) = J{h). Our choice of e 
means that the ends of T are quasimonomial. Hence the previous analysis gives 
9j{hr) < ^T- Since hr < h this yields gj(^h) < h. 

In the most general case we can decompose h = g^ + h' , where (p £ R (possibly 
reducible) and h' is a tree potential with associated measure satisfying p'{v} < 
m[v) for all curve valuations v. By repeated use of Proposition 12.1fll we have 
J{h) = (f)J{h'). Therefore the previous step gives 

9j{h) =94>+ 9j{h') <9^ + h' = h, 
which concludes the proof. D 

Appendix A. Subadditivity and Skoda's Theorem 

In this appendix we prove two fundamental properties of multiplier ideals asso- 
ciated to tree potentials. The proofs appear here as they rely on the corresponding 
properties of multiplier ideals of formal powers of ideals. It would be interesting 
to have direct proofs, not using a reduction to the case of powers of ideals. 

Proof of Proposition \2.8[ Write h = hi + h2- Let pi = p/^. and p = Ph = Pi + P2i>e 
the measures associated to hi and h, respectively. As in the proof of Lemma 18.81 
we will gradually build the proof using successively more general measures. 

First suppose that hi = Cigj^, i = 1,2, for ideals /i, I2 and ci,C2 > rational. 
By Proposition 13.21 our subadditivity statement translates into Jil'i ■ I^) C 
J(/f ) • J(/2') which holds by JDELlj (see the proof of Lemma EIHI). 

Next suppose the support of p is included in a finite tree T whose ends are 
quasimonomial valuations. As in the proof of Lemma 18.81 we approximate hi from 
above by tree potentials of the form /i" = c^gi^ , where c" > are rational and /" 
are primary ideals. By semicontinuity (Proposition 12.6)) we have J{h^) = J^{hi) 
and J{h^ + /i2 ) = ■Jih) for large n, completing the proof in this case. 

Now consider general tree potentials hi. First assume that Pi{y} < m{u) for 
all curve valuations v, i = 1,2. Since pi has finite mass we may pick e > so that 
in fact Pi{i^} < (1 — £)m{v). Define % = {u ^V ; Pi{p > i^}}- By Lemma l2.12| 
7i is a finite subtree of V and J{{hi)'r^ = J {hi). Our choice of e means that the 
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ends of 7^ are quasinionomial. Hence the previous analysis gives 

J{hi + /12) C J{{hi)r, + {h2)r,) C J{{hi)r,) ■ J{{h2)T,) = J{hi) ■ J(h2). 

In the most general case we can decompose hi = g^^ + /i^, where (pi £ R 
(possibly reducible) and h[ is a tree potential with associated measure satisfying 
p'i{i'} < m{u) for all curve valuations u. By repeated use of Proposition 12.101 we 
have J{hi) = (piJ'{h[) and J^{h) = 4>i4>2J{h'i + h'2). Therefore the previous step 
gives 

j{hi + /12) = 0i02:^(/i'i + /12) c 0i02:^(/i'i) • Jih'^) = j{hi) ■ j{h2), 

which completes the proof. D 

Proof of Proposition \2.fA The proof is based on a reduction to the case h = cgj 
for an integrally closed ideal / and c > rational. In the latter case the result is 
well-known (see |La| Theorem 9.6.21]) in view of Proposition 13.21 The reduction 
goes along exactly the same steps as the proof of subadditivity above. The details 
are left to the reader. D 
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